@ Uovecery OIS DrotonVDA
—~

Quaternions for Rotation and Orientation:
An Overview

Kirk Duffin

b

N siels  ProtonVDA

July 20, 2020



@ Uovecery OIS DrotonVDA
—~

History

2/18



@ Uovecery OIS DrotonVDA
—~

History

e Fuler - 1748

2/18



@ Uoivncsty OIS D tonVDA
—~

History

e Fuler - 1748

¢ Olinde Rodrigues - 1840

2/18



@ Uoivncsty OIS D tonVDA
—~

History

e Fuler - 1748
® Gauss - 1819
¢ Olinde Rodrigues - 1840

2/18



@ Vonvmeinols o stonVDA

History
e Fuler - 1748
® Gauss - 1819
[ ]

Olinde Rodrigues - 1840
William Rowan Hamilton - 16 Oct. 1843

2/18



@ Vonvmeinols o stonVDA

History
® Fuler -1748
® Gauss - 1819

Olinde Rodrigues - 1840

E
William Rowan Hamilton - 16 Oct. 1843 “

2/18



@ Vonvmeinols o stonVDA

History
® Fuler -1748
® Gauss - 1819

Olinde Rodrigues - 1840

William Rowan Hamilton - 16 Oct. 1843 g

2/18



@ Uovecery OIS DrotonVDA
—~

QUATERNIONS

i 2= =K =ijk = -1
a + bi + ¢ + dk

3/18



@ Vonvmeinols o stonVDA
—~

(QUATERNIONS

2 2 1,2 _ ee1
a + bi + ¢ + dk Fopslesiiled
scalar vector
real imaginary
w X y z

3/18



@ Uovecery OIS DrotonVDA
—~

QUATERNIONS

'22.221(2:“1(:—1
a + bi + ¢ + dk =) Y

scalar vector
real imaginary
w x y z

® Scalar or real quaternion has 0
imaginary component

® Pure or vector quaternion has
0 scalar component

3/18



@ Uovecery OIS DrotonVDA
—~

QUATERNIONS

'22.221(2:“1(:—1
a + bi + ¢ + dk =) Y

scalar vector
real imaginary
w x y z
® Scalar or real quaternion has 0
HoCoRDODQD>Z>N

imaginary component
® Pure or vector quaternion has
0 scalar component

3/18



@ Uovecery OIS DrotonVDA
—~

MULTIPLICATION
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Hl i j k

1
i j k / \
-1 k —j
-k -1 i
j i -1 k

7\-‘—1. e
R e e
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Quaternion multiplication (Hamilton multiplication)

(L'l] + b1i + Clj + dlk)(az + boi + Czj + dzk) =

aiap +
+biapi  +
+ci1a2j  +
+diak  +

a bzi

b1 byi?
Clszi
d1boki

+
+
+
+

a102j
b1C2ij
10232
1C2)
d1C2kj

+
+
+
+

Llldzk
bidyik
Cldzjk
didr k>
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MULTIPLICATION

Quaternion multiplication (Hamilton multiplication)

(1511 + b1i + Clj + dlk)(a2 + bzi + Czi + dzk) =

ai1az
+byasi
+c1a2j
+dyark

(a1a2
(a1ba
(arco
(a1d2

+
+
+
+

a bzi

b1byi?
Clszi
d1byki

b1by
biaz
bid
bicz

+
+
+
+

+ +

a102j
b1C2ij
2
C1C2)
d1C2kj

C1C2
cida
c1az
c1bz

+
+
+
+

Llldzk
bidyik
Cldzjk
d1d,k?

didp)

dicp)i
d1b2)j
diaz)k
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Vector form

(51 4+ v1)(s2 + V2) = (5152 — V1 - V2) + (S1V2 + SpVq + V1 X V)
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For complex numbers,

p = (a+bi),
Ipl> = (@ +?)
p* = (a-"bi)

So
p Tt =p/lplP = (@+bi) = (a

— bi)/(a® + b?)
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Likewise for quaternions,

7' =g/l
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Likewise for quaternions,

g7t = q/llgI* = (a - bi — ¢j — dk)/(@* + b* + ¢* + d?)
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Complex numbers can be represented in polar form:

p = (a+bi) = ||plle’” = ||pll(cos 6 + isin 6)
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PowEeRrs

Complex numbers can be represented in polar form:
p = (a+bi) = lplle’® = llpli(cos 0 + isin 6)

Likewise,
q = liglle™® = ||gll(cos O + n'sin 6)

where n is a unit, pure quaternion vector. From DeMoivre’s
formula it follows that

g = llgll'e™® = ||gll'(cos t6 + n sin tO)
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RortaTioN

® Euler angles - combination of 3 independent rotations

® Rotation matrices

1 0 0 cos® 0 sinf cos@ —sinf 0
0 cosf® —sinf 0 1 0 sin@ cosf6 O
0 sin@ cos6 —sin® 0 cos@ 0 0 1

® Composition through multiplication - NOT commutative -
order is important

Rotation sequence Ry, Ry, ... R, represented by product
R, ... RoRq
Transform v by R: v/ = Rv.
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RortaTioN

® Quaternion - mapping from rotations to unit quaternions
= (cos 0 + nsin 9)
171083 2

where n is the unit vector direction of the axis of rotation.
0 is the amount of rotation about the axis.

® Composition: g, - - - qaq1

¢ Transform v by g: v =qvg!
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Spherical Linear IntERPolation

® Geometric
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Spherical Linear IntERPolation
® Geometric

* Quaternion — go(q,'q1)"
® Ken Shoemake, Animating Rotation with Quaternion Curves,
SIGGRAPH 1985
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GimBaL Lock

Gimbals Gimbal Lock

Image Source — Wikipedia
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NORMALIZATION

® Problem with accumulating small rotations
® numerical error

® Matrix form - re-orthogonalize, renormalize rows or
columns

® Quaternion form - simply renormalize
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RortaTionar HYSTERESIS

® Rotational hysteresis - final orientation dependent on path
taken

¢ Ken Shoemake, ARCBALL: a user interface for specifying
three-dimensional orientation using a mouse, 1992

® No rotational hysteresis
® quaternion based
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